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A two-dimensional disturbance evolving from a strictly linear, finite-growth-rate
instability wave with nonlinear effects first becoming important in the critical layer
is considered. The analysis is carried out for a general weakly non-parallel mean flow
using matched asymptotic expansions. The flow in the critical layer is governed by
a nonlinear vorticity equation which includes a spatial-evolution term. As in
Goldstein & Hultgren (1988), the critical layer ages into a quasi-equilibrium one and
the initial exponential growth of the instability wave is converted into a weak
algebraic growth during the roll-up process. This leads to a next stage of evolution
where the instability-wave growth is simultaneously affected by mean-flow
divergence and nonlinear critical-layer effects and is eventually converted to decay.
Expansions for the various streamwise regions of the flow are combined into a single
composite formula accounting for both shear-layer spreading and nonlinear critical-
layer effects and good agreement with the experimental results of Thomas & Chu
(1989), Freymuth (1966), and C.-M. Ho & Y. Zohar (1989, private communication)
is demonstrated.

1. Introduction

Low-level external harmonic forcing of free shear layers between parallel streams
produces spatially growing instability waves that are initially governed by linear
dynamics. The local (linear) growth rate will ultimately be reduced, however, owing
to the slow viscous spreading of the mean shear layer, and nonlinear effects can then
first become important in a critical layer located at the transverse position where the
phase velocity of the instability wave equals the mean velocity. In this situation, the
perturbation flow outside the critical layer is essentially linear, but with the external
instability-wave amplitude completely controlled by the critical-layer dynamics.

Goldstein & Leib (1988) (hereafter referred to as I) considered the case where the
critical-layer balance is between spatial-evolution, linear- and nonlinear-convection
terms, i.e. the nonlinearity can be characterized as strong but localized in the
transverse coordinate. The presence of the spatial-evolution term in this balance
means that the critical layer is an ‘unsteady’ one but with a slow streamwise
coordinate in place of time. It will be referred to (as in I) as a non-equilibrium critical
layer, however, in order to avoid any connotation of temporal evolution. This type
of nonlinear critical layer occurs at the downstream position where the local linear
growth rate is O(e}), where ¢ is a measure of the local instability-wave amplitude. Its
solution matches (in the matched asymptotics sense) onto the upstream finite-
growth-rate, weakly non-parallel, linear instability wave, i.e. the proper initial (or
upstream) conditions are applied in the nonlinear critical-layer theory. In I it was
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assumed that the local Reynolds number R was large enough that viscous effects,
including mean-flow spreading, could be ignored in the nonlinear (streamwise)
region. Goldstein & Hultgren (1988) (hereafter referred to as II) incorporated a small
amount of viscosity into the analysis of I. The local Reynolds number R was assumed
to be O(e?) so that the viscous-diffusion term is of the same order of magnitude as
the terms in the nonlinear critical-layer vorticity equation used in I. The relative
importance of viscous to nonlinear cffects in the critical layer is then determined by
the parameter A = 1/¢i R, while viscous effects play a purely passive role outside the
critical layer. Their computations showed the vorticity roll-up to be initially similar
to the inviscid calculations of I. However, once the nonlinear effects had generated
sufficiently small scales, viscous effects asserted themselves and caused the vorticity
distribution to diffuse into a simpler pattern more characteristic of an equilibrium
critical layer. Their results also showed that viscosity keeps the nonlinear effects
from driving the critical-layer phase jump, and thereby the local growth rate, to zero
and hence allows the instability wave to continue its growth asymptotically far
downstream. This produces an unbounded increase of the nonlinear terms in the
critical-layer vorticity equation so that a new dominant critical-layer balance
between linear and nonlinear convection terms is eventually achieved. This is
analogous to the situation that was analysed by Benney & Bergeron (1969), but the
specific asymptotic solution obtained in IT turned out to be somewhat different and,
in particular, has variable vorticity in the closed streamline region within the cat’s-
eye boundary.

It may at first seem surprising that no matter how large A the problem in II
becomes nonlinear sufficiently far downstream. This can be understood by realizing
that the initial linear growth rate in the critical layer is independent of A and that
the growth rate is then rapidly reduced by nonlinear effects. A larger value of A
simply means that the growth rate is not reduced quite as fast because the relatively
stronger viscous effects in a sense keep the problem linear for a longer streamwise
distance. The instability wave can therefore, through continued growth, achieve the
larger amplitude necessary for nonlinear effects now to come into play.

It was also shown in II that the initial exponential growth of the linear instability
wave is converted into a weak algebraic growth as the critical layer ages into a quasi-
equilibrium one and that this allows mean-flow divergence effccts to alter the critical-
layer structure before the instability wave achieves an O(1) amplitude. It was found
that the critical level moves a small distance across the shear layer in this next stage
of evolution to maintain the quasi-equilibrium state against changes in mean flow
and that the resulting instability-wave growth, therefore, is simultaneously affected
by mean-flow divergence and nonlinear critical-layer effects. The growth rate goes to
zero at the linear neutral point and the instability wave then begins to decay. The
flow structure is shown schematically in figure 1 (reproduced from II).

The purpose of the present investigation is threefold. First, the analysis of II,
which was restricted to a hyperbolic-tangent mean-velocity profile, is generalized to
an arbitrary mean flow. This is accomplished in §§2 and 3. In §2, the nonlinear non-
equilibrium critical-layer vorticity equation is derived and it is shown in Appendix
C how the general problem can be transformed to the (now generic) problem studied
in II. The next stage of evolution, where mean-flow divergence and nonlinear critical-
layer effects both influence the evolution of the instability wave, is analysed in §3.
Second, in §4, the streamwise composite solution introduced in I (formed from a
weakly non-parallel linear solution valid on the slow mean-flow viscous spreading
scale and the nonlinear critical-layer solution) is generalized to include viscosity and
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Ficure 1. Flow structure (Goldstein & Hultgren 1988).

to be valid for a general velocity profile. It is found that the composite solution
contains the next stage of evolution and, thus, is valid up to, and some distance
beyond, the linear neutral point. The third, and perhaps most important, purpose of
this paper is to make a first-principles comparison of results obtained by this type of
asymptotic/numerical analysis with experiments. In a sense, the previously stated
two purposes are simply prerequisites for this. The uniformly valid composite
solution is shown in §5 to be in very good agreement with experimental results for
a plane-jet shear layer (Thomas & Chu 1989), a circular-jet shear layer (Freymuth
1966), and a mixing layer behind a splitter plate (C.-M. Ho & Y. Zohar 1989, private
communication).

2. Formulation of the nonlinear non-equilibrium critical-layer problem

As in I and II, consider a two-dimensional, incompressible and almost inviscid
shear layer between two parallel streams with nominally uniform velocities U,. > U,.
(the star is used to denote dimensional quantities). In particular, consider the
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streamwise region where nonlinear effects have become important, cf. figure 1. The
streamwise and transverse coordinates x and y, the time ¢, and all velocities are non-
dimensionalized by L., L,./U,., and U,., respectively, where

2LV"’ = (Ulu_Uzt)/(dU*/dy*)max

is the vorticity thickness of the unexcited shear layer at a typical streamwise
location, say x = 0, just upstream of the nonlinear region, and U,, = ¥U,.+ U,.) is
the average velocity of the streams. The origin of the y-coordinate is taken to be at
the inflexion point of the undisturbed mean flow at x = 0.

The mean-flow Reynolds number, R =L,.U,./v, where v is the kinematic
viscosity, is assumed large enough that the mean flow is nearly parallel and the shear-
layer width (at least initially) increases only slowly over the long viscous scale

x, = xz/R. (2.1)

Upstream of the nonlinear region, the mean flow is essentially unaffected by the
linear instability wave and its streamwise evolution can be determined from the
laminar boundary-layer equation. In the same region, the instability wave can be
described by inviscid, weakly non-parallel, linear stability theory and, assuming that
it remains sufficiently small, its amplitude grows in the streamwise direction until,
owing to the viscous mean-flow spreading, neutral stability is approached. As the
local linear growth rate tends to zero, the leading-order inviscid stability problem
becomes singular at the critical level, i.e. at the transverse location where the phase
velocity of the instability wave equals the mean flow. This is indicative of a non-
uniformity in the perturbation vorticity and that now the dynamics essentially is
determined in a small transverse region. In this critical layer, the linear mean-flow
convection of the perturbation vorticity can be balanced by spatial evolution
(growth), viscous, or nonlinear effects, or a combination thereof. By themselves,
these three possibilities would lead to an inviscid linear non-equilibrium critical layer
with a thickness of the order of the small but non-zero growth rate, a viscous linear
equilibrium critical layer of thickness O(R73), or an inviscid nonlinear equilibrium
critical layer of thickness O(el), respectively, where ¢ is a measure of the local
instability-wave amplitude. As first shown in I, the requirement that the near-
neutral nonlinear solution matches onto the upstream strictly linear, finite-growth-
rate instability wave implies that the linear growth rate at the beginning of the
nonlinear region must be O(e}). This scaling represents a distinguished limit that
allows both spatial evolution and nonlinear effects to enter the critical-layer vorticity
balance and has a linear non-equilibrium critical-layer region (cf. figure 1) as an
overlap domain between the upstream finite-growth-rate linear region and the near-
neutral nonlinear region. Consequently, it is assumed that in the nonlinear
streamwise region

S =8,+¢8,, 8,<0, 8 =0(1), (2.2)

where 8 = w.. L./U,. is the local Stroubhal number, 8, = a, U, is its local neutral
value based on linear inviscid parallel-flow stability theory, .. is the excitation
angular frequency, a, is the local neutral wavenumber and U, is the velocity at the
inflexion point of the undisturbed mean flow at x = 0. §, and 8§, are taken to be
constant at present, but will be allowed to vary on the long viscous scale x, when,
later, the streamwise composite solution is introduced. Furthermore, as in II, the
parameter

A=1/eR (2.3)
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describing the relative importance of viscous to nonlinear effects in the critical layer
is taken to be O(1). Viscous effects then enter into the critical-layer vorticity balance
but are purely passive in the main part of the shear layer. The analysis of IT shows
that critical-layer effects cause changes in the flow on the scale of the slow streamwise
variable .

T, =€, (2.4)
and that it is sufficient to use the (local) Taylor series expansion of the basic-flow
velocity for the purpose of studying its changes on the nonlinear critical-layer
streamwise lengthscale (2.4). The analysis here need only be uniformly valid on the
scale z; but not on the slower scale z,, cf. figure 1.

As in I and II, the solution in the nonlinear streamwise region will now be
expanded separately outside and inside the critical layer. Matching (in the transverse
direction) of these expansions, which also involves equating the so-called velocity
jump across the critical layer as given by the two expansions, will then lead to a
nonlinear non-equilibrium critical-layer problem which completely determines the
external instability-wave amplitude.

As in I and II, the solution outside the critical layer is expanded as

¥ = Yoy)+ v (L y, 2,) + gy + e, + €1+ O(Ed). (2.5)

¥, is the zeroth-order term in the Taylor-series expansion for the basic flow, which
is determined by the imposed upstream profile and by the previous slow development
on the long viscous scale x; = x/R. The ¢, , for n > 2 are functions of y, the slow
variable z,, and

§{=x—8t/a,, (2.6)
the streamwise coordinate in a reference frame moving with the actual phase velocity
of the linear instability wave. The equations governing the first few ¢, ,(n > 2) are
given in Appendix A.

As in II, the O(¢) term, ¥,, in the expansion (2.5) is the sum of the second term in
the basic-flow Taylor series expansion and the (neutral) linear instability wave
solution, i.e. )

¥, = 24z, G(y)+ Re [A1(z,) b, (y) €', (2.7)

where the mean-flow change term G(y) and the slowly varying amplitude function 4*
are ultimately determined by the O(e!) problem. The higher i, , are of the form

Vo = Re[ > Py, x,)e ""%C] for n=3,4,.... (2.8)
m=0

Substitution of (2.7) and (2.8) into the governing equations (see Appendix A) leads

to a sequence of equations of which the first two for the fundamental component and

its harmonics are L, ¢;l —0, 2.9)

T A
L, ®™ = —i8m1[2a0—————— Ucax——iSlA*)]¢l, m>0, (2.10)
1

where L, = Dz—mzag—U_U , (2.11)

D = d/dy, and é;; is the Kronecker tensor. Equations (2.9) (the Rayleigh equation for
a regular neutral disturbance) and (2.10) are to be solved subject to the boundary

conditions ( ¢1, ¢$"")—>0 as |y| >+ oo and a normalization condition, say ¢1(0 =1.
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G(y) and ®® are determined by the ¢-independent part of the O(ef) and O(e?)
problems, re’spectwely, and are given in Appendix A.

For small values of y, i.e. as the critical layer is approached, ¢1 can be expressed
in terms of the Tollmien solutions to obtain

"

¢ =1+3 ( +U,>y +O0(y*) + b,y + O(y®)], (2.12)

where b, = qgi(O) and can be easily determined from a numerical solution of (2.9). It
follows from (2.10) and (2.12) that for small values of y

U”/ dA"’
U’2(U dzx

where the + superscript indicates different values for y 2 0.

Multiplication of (2.10) for m = 1 with ¢1, subtraction of (D‘l) times (2.9) from the
resulting equation, followed by 1ntegrat10n from —o0 to —6 and & to + oo, then
taking the limit of § >0+ and using the boundary conditions at infinity and the

small-y results (2.12) and (2.13) leads to the following solvability condition for (2.10):

Q(’") = a‘"‘)+b("‘)i ¥+, —iSlA*)yln lyl + O(y?), m >0, (2.13)

_ d4? . a4t .
b‘”*—b“’ = 2y —— dz, J,—ia, (U d—zl-nSlA’r) Iy, (2.14)
where f ¢fdy, (2.15)
_ L[ Uty
4=l oo (219

and f denotes a Cauchy principal value integral. Note that J, = 0 for antisymmetric
mean velocity profiles, e.g. the hyperbolic-tangent profile considered in I and II.
Equation (2.14) gives the so-called velocity jump across the critical layer as
(formally) computed from the outer solution. Its imaginary part is usually referred
to as the phase jump.

Further details about the behaviour of the outer solution in neighbourhood of the
critical layer can be found in Appendix A. As in I and II, the scaled transverse

coordinate Y =y/é 2.17)
is now introduced to describe the solution in the critical layer. The stream function
in the critical layer is also expanded as

y=eUY+e(¥,+ePi+ene¥, +e¥ +..), (2.18)

where the ¥, are functions of {, ¥, and «, only. ¥, to ¥, are simply given by the
corresponding terms in the inner limit of the outer solution (obtained by substituting
(2.17) into (2.5) and re-expanding the result with the inner variable Y held fixed) and
are given in Appendix B. ¥,, the first non-trivial term in (2.18), is determined by the
viscous critical-layer vorticity equation

0 0%,

0 S .
4 1y - _ T aolagd
[UCa (U )ag Re (iz,A%e )aY].Q —A—= a7 =0, (2.19)
ik 4 .
where Ql = a—Y;—Re (aﬁA*e‘mng) (220)

and the total critical-layer vorticity is given by — (U, +€8,)+ O(éh).
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Integration of (2.20) with respect to ¥ from —M to M, letting M — oo, and using
the inner limit of the outer solution produces the matching condition

+oo 2n/ay
b+ — - = % j Q' e-imant dgdy, (2.21)
2 2 —0 JO
where Q' = [ /\;1 + 7 Re (4" h"g)] (2.22)

is minus the part of the O(e) critical-layer vorticity that vanishes as |Y]—+ o0. For
m = 1, equation (2.21) gives the velocity jump across the critical layer as (formally)
computed from the critical-layer solution. Equating the expressions for the velocity
jump involving the outer and inner solutions, respectively, leads to the matching

condition oo panag 4t a4t
f Qe %EdLdY = in [2J dn Jz(Ucax——iSlA*)]. (2.23)
—w JO 1

Equations (2.19)-(2.23), together with the boundary condition that @'—>0 as
|Y| >+ oo, defines the nonlinear critical-layer problem.

Note that for m > 1, equation (2.21) determines the amplitude of the O(e?) higher
harmonics in the outer flow. This problem, i.e. (2.10) subject to the boundary
conditions ¢"">~>O as |y| >+ oo and to (2.21), all for m > 1, is a well-posed pro-
blem as long ‘as b(’"’ * b("')‘ for all m > 1. If this is true then the b""“t can each be
determined in terms of the corresponding a{™ from the conditions at y=1c (in

gencral through a numerical solution of the problem) and (2.21) then sets the
amplitude of this solution, i.e. the higher harmonics are forced by the critical-layer
nonlinearity. If, however, b("”+ b(’"’ for some m, then that harmonic is also a
ncutral eigensolution to the Raylelgh stability problem and this case must be treated
separately because nonlinear interaction of the two eigensolutions is then possible in
the critical layer(s) (e.g. Leib & Goldstein 1989). This is not likely to occur for a
monotonic mean-flow profile (which only has one critical layer), however.

As x; > — o0, the solution approaches that of a linear growth critical layer and it
can easily be shown that the proper initial condition for (2.19)-(2.23) is

z

A*»A;exp[—%f S, o‘*dxl], (2.24)
0

where ot =vyo, (2.25)
y ==UZ /o Ul|Ucl U, (2.26)
o =o0,+io; = (n+ip)/(x +iin0), (2.27)
w="JD/ydh, (2.28)
x=1-3U (2.29)
U=yU.. (2.30)

Strictly speaking, the integrand in (2.24) is constant on the streamwise scale x,
considered here. It is advantageous to write the upstream conditions for the
nonlinear solution in the form (2.24) for the later introduction of a streamwise
composite solution, however. Analogous comments also hold for equations (2.31),
(2.36), (2.37), and (2.40) below.
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By introducing the rescaled variables

= —gj 'S, d, + 7, (2.31)
0
X =a,¢+X,, (2.32)
= (2, U Y =8,)/(—3US,), (2.33)
A =[}U,/(—308,)"] AT e~ %o, (2.34)
Q = —[(2 U)? U/2U7 (—3US,)11Q", (2.35)
where Z, and X are given by

To AN
s.dz = In [“0—_] (2.36)

fo (_%US1)2
X, =argAl— f "o, dz, (2.37)

0

and X = [ U2/ (—1US,)%1 A, (2.38)

the nonlinear non-equilibrium critical-layer problem, i.e. (2.19)-(2.23), and the
associated initial and boundary conditions are converted into the following scaled
critical-layer problem:

0 0 i 0 5 OF ~dA

— — idelX) —— A — = 17— 4+i4 |elX .

[ai__+176X Re (ide )677 /\6772]Q Re[(gU df+ )e ], (2.39)
subject to the initial, boundary, and jump conditions
A»exp(f a’df) as X—>—o0o, (2.40)
0
@—>0 as |y — o0, (2.41)
1 '+ 00 T ix . dA .

Ef_m J: e QdXdy = I(X'(E—I/LA). (2.42)

In view of (2.29), this problem depends on the three independent parameters U, A,
and u. U is a scaled average mean-flow velocity in the critical layer (measured in the
laboratory frame of reference); A is a rescaled A which in view of (2.2), (2.3), and
(2.38) could be thought of as based on the detuning from the local neutral conditions
rather than the amplitude ; and u is ® times the ratio of the real and imaginary parts
of the derivative of the wavenumber with respect to the phase velocity (both from
linear inviscid theory) evaluated at the neutral point, which vanishes for
antisymmetric mean profiles such as the one used in I and II, and can be interpreted
as a mean-flow symmetry parameter.

The nonlinear non-equilibrium critical-layer problem, ie. (2.39)-(2.42), can,
however, be converted into the scaled critical-layer problem for the hyperbolic-
tangent mean-flow problem studied in II by introducing new variables as described
in Appendix C. Thus, the nonlinear non-equilibrium critical-layer problem studied in
II, which is of the form (2.39)-(2.42) but with 4 = 0, therefore applies to an arbitrary
mean-flow profile provided the meaning of U and A in II are suitably generalized.
(The form (2.39)-(2.42) actually turns out to be better suited to the numerical
streamwise composite-solution procedure to be employed later, however.) The results
of II showed that, no matter what the size of the parameter A, eventually the
amplitude A exhibits algebraic growth and the critical layer is converted into a
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primarily inviscid quasi-equilibrium one as AZ becomes large. The asymptotic
solution to the nonlinear non-equilibrium critical-layer problem constructed in that
limit in II is, of course, also valid in the general case analysed here and it is briefly
described in Appendix C.

3. The next stage of evolution

As shown in II, the relatively slow algebraic growth of the instability wave as
x, - + o0 allows the viscous mean-flow divergence eventually to alter the critical-layer
structure and thereby induce a correction to the local growth rate before the
instability-wave amplitude becomes O(1). When

T, = e%x, =€ex = e‘%xa (3.1)
is O(1), this correction becomes of the same order of magnitude as the local growth
rate and the non-equilibrium nonlinear critical-layer expansmn will no longer be
valid. Since the actual instability-wave amplitude is still only O(€*) in this streamwise
region, the nonlinear effects are again confined to a narrow critical layer, now of
thickness O(e?), while the flow behaves linearly in the main part of the shear layer.
As in II, the critical layer now moves an O(e?) distance, i.e. a small fraction of its
width, across the shear layer in order to remain in the quasi-equilibrium state
achieved asymptotically in the previous stage.

For z, = O(1), the expansion in the main part of the shear layer, i.e. for y = O(1),
is to a large extent a simple reordering of the corresponding expansion in §2 and, as
in II, is of the form

= v+ A2, 000) 4 (2) ) 08 20 £~ Z2 ) - cr 600)

-|-£-3‘5¢‘7'|'€s 1‘0‘44'62 (Az,)2 G®(y +€§¢I‘s - (3.2)

where { is given by (2.6); ¥, is the basic flow of §2; G, G® and G are the y-
dependent coefficients in the Taylor-series expansion of the basic-flow stream
function; ¢, is the neutral eigenfunction; and 4, and @, are real functions of z,.

In order for the downstream expansion (3.2) to match onto the solution in the
preceding non-equilibrium region, it follows from (2.5), (2.7), (C 1)~(C 12), and (3.1)

that as z,—~0

A_—a (U)( [ Pg, 2)_, (3.3)
og 0 X
o »_2LX2(0 —xu) S, (3.4)

where y, u, ¥, a,, and 6, are defined by (2.26), (2.28), (2.29), (C 11) and (C 12), and
detailed formulae for the latter two quantities are given in II.
The O(ef), O(e}) and O(&d) terms are now of the form

Y1 = Pyy, z,) cos (ao 4 —ﬂ) (3.5)

€2

¥y = DLy, %,) + P (y, 7,) cos [2 (ao 4 —%;:—2))] , (3.6)

Y3 = D cos (aoé‘——“’—(xl)-)+¢<5) sin (a C—#), (3.7
3 [x] 2
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where the two terms in (3.7) will be referred to as the in-phase and out-of-phase parts,
respectlvely Just as in 11, neither di. dh nor the in-phase term in (3.7) play a role
in the determination of the amplltude and phase to the order of approximation of the
analysis and, for simplicity of presentation, are therefore ignored in what follows. @,
and diés) are determined by

_ , , 2z, (U, ;
L,&; = [2%@00 U= UC)2(U o, . +8)+ T, (U—UC G )]Awgbl, (3.8)
L,op = [2 U AT ]A’ .. (3.9)
The boundary conditions for (3.8) and (3 9) are that (@, @‘5’)—>0 as |yl>+oo. It

follows from (2.12), (3.8), and (3.9) that for small values of § Y
¢% = (l%+ bli Yy

A , Um Um Uiv
2 [(U o . +8 )U’2 ao/\xz(U? 7. U,)]yln|y|+0(y2), (3.10)
o = ags)+b§s)iy_U° Ue A, yInjy|+O0(y?). (3.11)
3 3 3 oo UZ
The solvability conditions (constructed as in §2) for (3.8) and (3.9) become
by —by = a4y A [205, Jy— (U, O +8,) Jy + 22z, Ji), (3.12)
bt —b® ™ = —ag AL (2J,— U, ), (3.13)
where J; and J, are given by (2.15) and (2.18), respectively, and
1 (v QU 2
J == oy 1 du. 1
’ ao.{—w(U_Uc ¢ )U—Uc Y (3 4

Equations (3.12) and (3.13) determine the real and imaginary parts of the velocity
jump across the critical layer to leading order, respectively.
The critical-layer stream funection is now expanded as

Y =eU,V+e222,¢0 U+ (P +6 Vit el ¥y +6t P,
+ét ‘I’%+e%ln e?’%b+e% Y:+el, + 6 Y’%+e§ Y’% ), (3.15)
where Y =y/e (3.16)
is a stretched transverse coordinate. The O(e3) and O(ef) terms and ¥, to ¥;,, are
simply re-expansions of the outer (main-region) solution. Only ¥; and the out-of-
phase part of ¥; of the remaining non-trivial terms in (3.15) play a dynamically

significant role i in determining the instability amplitude and phase to lowest order
and they are determined by

feQ%=—l(]] (U, 0, +8,—2Az, ¥ U,) A, 81n(a0§——(——)), (3.17)

2
c

0 Uy, 2] (xz)) 3.18)

(8) — A —=* c 4’ ©
feQ% 6Y2 U, A cs(cx0§ .

where %, is the equilibrium critical-layer vorticity operator

4 : _Qw(z2))i
£, = U, Ya§+a0Awsm(a0§ 4 a7 (3.19)
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and Qs = 0*¥;/0Y? and QF = 62‘1’(5)/8172 are minus the O(e$) and minus the out-of-

phase component of the 5(6“) critical- -layer vorticity.
The solutions to (3.17)—(3.19) must satisfy the transverse boundary conditions
U U U 5
——217, 3.20
=5 (3.20)

c

Q%»m( 2¢0 U2 +

c
o >0, (3.21)
as |¥Y]—> oo, together with the integral constraints

1 + 00

/g 0, (x,)
) ), .Q%cos(aog . 2)dng

= A [(h 30 ) O, —18, f+Ax, J],  (3.22)
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+00  f2r/a, (x
— J 9§S>sin(g e 2)d§dY——A’ (J,— LU, Jp), (3.23)

in order to match with the outer expansion (3.2).

As in T1, this boundary-value problem (3.17)—(3.23) can effectively be converted
into a quasi-equilibrium nonlinear critical-layer problem like the one in §5 of 11 and
the final results for the amplitude and phase are

"\ Ty ) Q(A) &
4, =aw(%) (—%AJ- ”i; dxz), (3.24)
0 0
6, =~ a1 S, (3.25)
_An[, aU(UUr U
where a, = T [.15 207 \ O U |, (3.26)
U/ U/ Ul” U'lv
sp0 = 5, -2 [20 e (B TE ) o+ 0] 327
1 c [4 c

A relatively straightforward perturbation calculation based on the Rayleigh linear
stability problem with the base flow given by the first two terms in (3.2) (in order to
incorporate a weak mean-flow divergence) shows that e, is the O(e?) change in the
neutral wavenumber due to the slowly changing local conditions and S{* is the
actual O(e?) Strouhal number deviation from the local neutral value. It is clear that
A and @ satisfy the upstream boundary conditions (3.3) and (3.4) and that the
mean-flow divergence effects are accounted for by the linear terms in Axz,. These
effects eventually drive the growth rate to zero and then cause the instability wave
to decay. The point of ultimate maximum amplitude is equal to the linear neutral
stability point. It is important to realize, however, that this ultimate maximum
amplitude may not be reached in an experiment since once the linear growth rate has
been reduced owing to nonlinear effects other disturbances not accounted for in the
present theory could then be faster growing and may become large enough to
invalidate the theory.

As in II, the critical-layer vorticity equation correct to, but not including, O(e)
terms, can be written in the equilibrium form, i.e. %, = 0, by simply shifting the
transverse coordinate y, here, by the amount

o= et 3|5 0. 0480 0w | (3.28)
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where Yie = CJ:‘ — 22z, ¢, (3.29)
A U(ULUr U .
1IN ™ U;” Ug - L]C ’ (33 )

Y, is the O(¢?) displacement of the mean-flow inflexion point and ¢,x is the O(el)
change in the local (linear) neutral phase velocity, both due to the slow streamwise
divergence of the mean flow. Thus, analogous to 11, the critical layer is shifted by the
small amount e(U, @, +8, —a, ¢,x)/ e, U, from the actual basic-flow inflexion point,
which is a small amount compared to its O(e3) thickness.

4, The composite solution

The upstream linear unsteady flow can be determined by using weakly non-
parallel stability theory (see Appendix D). The resulting solution, uniformly valid on
the slow outer streamwise lengthscale x, = O(1), can be taken as the real part of

x

YO = 49 (x,) Oy z,) exp{i”

Ze

a(xa)dx—St]}, (4.1)

where gz§§°’ denotes the spatially growing eigensolution to the Rayleigh stability
problem using the streamwise mean-flow velocity at the location a;, @ = &, +ia, is the
corresponding complex eigenvalue, 4 is the slowly varying amplitude function
(determined through a solvability condition in an appropriate multiple-scale
perturbation expansion in powers of the slow mean-flow viscous divergence rate
1/R), and z, is the excitation (or a reference) position. .

As the nonlinear region is approached (i.e. as x;>0—), ¢{” > ¢, of §2, and it can
be shown, either by inspection of the classical analysis of a perturbation about the
neutral point (e.g. Yih 1969, p. 481) or, equivalently, by carrying out a growth
critical-layer analysis, that ) ) 1
i —>ia,—1 S, ot 4.2)
where a, is the neutral wavenumber and o' is given by (2.25). The inner limit of the
outer weakly non-parallel solution is, thus, given by

po o = g wexp (g1 [ 8,07dm,) 43)
0
where Al = A(0)exp [1'[0 a(xa)dz]. (4.4)

The inner nonlinear solution ¥ is given by the second term on the right-hand side
of (2.7) and it follows from (2.24) that @ —°? as 2, >0+, i.e. that the solutions
in the two different streamwise regions match. A uniformly valid composite solution
can then be constructed by using the multiplicative rule (e.g. Van Dyke 1975)

(0)y /(1)
y© = %, (4.5)

which upon substituting the different solutions and using (2.25), (2.31), (2.34), (2.36),
and (2.37) becomes

X

Y@ = A(F)exp (— Jf o‘da‘:)A‘°’(x3) $©(y; x,) exp {i [ j

0 Ze

a(x,) dx—St]}, (4.6)
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where A(Z)exp (— f o dZ) can be interpreted as a universal nonlinear correction
factor, which depends only on U,A,u, and the shifted coordinate z. The latter
coordinate is given in terms of the original coordinate x by the implicit relatlonshlp

z 2717/ (0) . [*
J‘ ¢.dz = In atU A (O)exp[lf a(x3)dx]

, 4.7)

° (_%(jsl)z
which is obtained by combining (2.25), (2.31), (2.36), and (4.2).

As x, > + o0, the streamwise region where non-parallel effects again are important
is approached. For z, = O(1), a (linear) growth critical-layer analysis shows that

i — icty + €i(icr, =38P oY), (4.8)

where a, is the O(et) change in the neutral wavenumber due to the slowly changing
local conditions and S{*’ is the actual O(e?) Strouhal number deviation from the local
neutral value; a, and S‘A’ are given by (3.26) and (3.27). Combination of (2.36), (4.4),
(4.7), and (4.8) gives that

£ 7z,
J o‘rdf=—§f yS®M o, dzx,, 4.9)
Z, o
from which it follows that
Zy 1 Ty
= —%f yS®dx, +7, ~ ——lf yS& de,. (4.10)
) 2¢t Jo

The first two members of (4.10) are simply the extension of (2.31) to the streamwise
region x, = efxl o(1).

Furthermore, (2.36), (2.37), (4.10), (C 1), (C 2), (C 4), and (C 8)—(C 13) show that
the universal nonlinear correction factor in (4.6)

A(Z) exp[—f:adx]»E—(gi)

71 QA § 2 -
x(—%f - dxl) epr:%J (a+ioLx2M)yS<;‘>dxl—i(eo—xg)], (4.11)

0 0

as 2, >+ 00, with x, = etz; = O(1), where X/, is given by (C 10) and @, is a constant
phase factor that can only be determined by going to a higher order in the large-
AZ asymptotic expansion (than was carried out in II) and then matching with the
numerical solution for the non-equilibrium nonlinear critical-layer region. By now
combining (4.4), (4.6), (4.8), and (4.11), it follows that

U, %2 SN i . Zy
O s a, (ag)( 2€f Yx da:2) ¢1exp{ [aog ( mo+£ @;dez)]}, (4.12)

as x, >+ 00, with z, = ¢ix, = O(1), where @_, = ¢/(@,—X’), and O, is given by
(3.25). By comparing (4.12) with the assumption (3.2) and the results (3.24) and
(3.25), it is clear that the region x, = O(1) is automatically contained in the
composite solution (4.6), i.e. the latter is valid up to, and some distance beyond, the
linear neutral point.
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Equation (4.7) can be replaced by the following expression, which is of the same
formal asymptotic order in the inner nonlinear region where the nonlinear correction
factor differs from unity:

z 21y
at U
ftr,dlen 0T

0

T

A (z,) exp [1'[
(_%0S1)2

a(x,) dx] ’ (4.13)

where the parameters now also are allowed to vary with the slow streamwise
coordinate x,. The streamwise location of the inner nonlinear region is automatically
set by the linear instability-wave growth when Z is determined using (4.13). If the
argument of the natural logarithm in (4.13), which can be interpreted as the ratio of
the instability-wave amplitude and the square of a measure of the detuning from the
local neutral conditions, remains much less than unity in the streamwise region of
interest, then nonlinear effects are not important in that region.

The first step in obtaining a uniformly valid solution for the mean flow is to form
an additive transverse composite solution in the inner flow region, z; = O(1), where
the nonlinear effects are important. Pertinent details about the mean-flow parts of
the expansions outside and inside the critical layer, (2.5) and (2.17), are given in
Appendices A and B. By then forming the strcamwise composite solution from the
solution valid on the z, scale and the transverse composite solution valid on the x,
scale, the following uniformly valid (in both streamwise and transverse directions)
results for the mean streamwise velocity and minus the mean vorticity are obtained:

. Y
Uy = U‘°’(y;x3)+%eff Q)dY+0(e Ine), (4-14)
(0) .
QO = a_U_a(z_ﬂ_F%eQz+0(€%), (4.15)

where U (y; x,) is the mean-flow solution (computed in the absence of the instability
wave) valid on the outer scale x, and Q] is twice the period average of Q'. Outside the
critical layer, the terms involving ¢} in (4.14) and (4.15) vanish and in addition the
equations are correct to O(e?), the magnitude of the Reynolds stresses.

The maximum of the mean vorticity will occur inside the critical layer and it
follows that the uniformly valid vorticity thickness is given by

Ur(~108,)2Q
() — S(0) c 2 1) *max
8O = ¢ [l+e AT , (4.16)

where 6©(x,) is the vorticity thickness of the (streamwise) outer solution,

g =[Q _;(7( _3)2] (4.17)
max 0 2 U max’ *

and @, is twice the period average of Q.

5. Results and discussion

The asymptotic theory of the previous sections accounts for the instability-wave
nonlinearity as well as the viscous spreading of the basic flow. The main purpose of
this section is now to test the resulting uniformly valid composite solution by a
comparison with suitable experiments. Among the requirements for the experiments
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are that the shear layer initially is laminar and, in particular, that sufficient details
are available about the early development of both the instability wave and the mean
flow so that a first-principle comparison can be assured. In this respect, it is necessary
that there is an initial streamwise region where the flow can be treated as a
superposition of a linear instability wave and an undisturbed mean flow. An excellent
discussion of relevant experimental literature, as well as other topics of interest, can
be found in the review paper by Ho & Huerre (1984). Comparisons will be made here
with experimental data for plane-jet shear layer (Thomas & Chu 1989), a circular-jet
shear layer (Freymuth 1966), and a mixing layer behind a splitter plate (C.-M. Ho &
Y. Zohar 1989, private communication).

The following procedure or strategy was used to ensure a first-principle comparison
between theory and experiment. First, the mean streamwise velocity profile was
fitted by an analytical expression at (only) one streamwise measuring station —
located sufficiently far upstream to ensure that the instability wave had a small
cnough amplitude that the local mean flow was unaffected by its presence. Since it
is impossible to establish how small is small enough on an a priori basis, the
supcrposition assumption was tested as part of the computations. Second, the
downstream evolution of the undisturbed mean flow was computed using a
‘boundary-layer’ type numerical code with the fitted profile used as initial condition.
The computed mean flow was then compared to the measured one to partially verify
that the mean-flow initially was unaffected by the instability wave (a full verification
would also involve a demonstration that the instability wave initially grows
according to linear theory). Third, the Rayleigh stability problem was solved
numerically using the computed local velocity profiles. The weakly non-parallel
corrections [in this case also including viscous-dissipation effects which enter at the
same order as the non-parallel ones (Lanchon & Eckhaus 1964), see Appendix D]
werc computed and the overall results were integrated in the streamwise direction to
predict the amplitude evolution of the linear instability wave. At this point, the
linear growth of the initial instability wave could also be verified. It is also worth
noting that a first-principle comparison would not be achieved if measured profiles
were used instead of the computed (undisturbed) ones since the mean flow is affected
by the instability wave in the roll-up region.

Fourth, the parameters U, A, and x and the equivalent nonlinear coordinate Z, cf.
(2.30), (2.38), (2.28), and (4.13), were evaluated as functions of the streamwise
location from these results and the streamwise energy of the instability wave at the
initial measuring station. Because of the slowly varying mean flow, this step, in fact,
also involves the determination of the local linear neutral conditions as functions of
the streamwise location. Since U, A, and 4 depend on the streamwise location, these
parameters are then known as weak functions of Z. Finally, the nonlinear correction
factor in (4.6) was evaluated by solving the nonlinear non-equilibrium critical-layer
problem (2.39)—(2.42) with slowly varying parameters. The details of the weakly non-
parallel linear stability problem and some remarks about the mean-flow computation
are given in Appendix D. The numerical treatment of the nonlinear non-equilibrium
critical-layer problem is similar to II, but the parameters now are evaluated locally.

The Thomas & Chu (1989) experiment involves a plane jet issuing from a two-
dimensional nozzle ending in a slot of width D = 12.7 mm and height H = 457 mm.
Although the mean-flow configuration is that of a submerged plane jet, the initial
shear layers are completely non-interacting for the streamwise region of interest here
(at most 1.5 slot-widths downstream of the plane-jet orifice) and can therefore be
treated independently. The reader is referred to Thomas & Chu’s (1989) paper for
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Ficure 2. Comparison of computed undisturbed-flow momentum thickness (
from Thomas & Chu’s (1989) plane-jet shear-layer experiment ().

) with data

complete details about their experiment. They used a relatively low-level single-
frequency acoustic excitation of frequency w../2n = 750 Hz to somewhat organize
the disturbance flow and to provide a phase reference. The average velocity of the
streams U, . = 4.8 m s™! (half the exit velocity), and the kinematic viscosity of the air
is computed be v=14.7x10"*ms?* from the stated slot-width exit-velocity
Reynolds number of 8300. This leads to a convective lengthscale L, = U,./w.. =
1.02 mm and a frequency parameter F = vw,./U%. = 3.01 x1073. The Strouhal
number (based on the average stream velocity and half the local vorticity thickness)
is estimated here to be 0.304 at their first mean-flow measuring station, located 0.25
slot-widths downstream of the plane-jet orifice. The aforementioned condition on the
instability-wave amplitude was judged to be satisfied at this measuring station and,
using a least-squares procedure, a good fit of the experimental mean-flow profile
(Thomas & Chu 1989, figure 2) could be obtained with an analytical expression of the
form
Uly) =1+Ra F(Cy), (5.1)
F(u) = tanh u + (4 — B tanh u) sech? (3u), (5.2)

where Ra = (U, —U,)/(U,+U,) (= 1, here) is commonly called the velocity ratio of
the shear layer, and 4, B, and C are constants.

Both a shear-layer code (where two free-stream conditions are imposed) and a
plane-jet code (where one of the free stream-conditions is replaced by a centreline
symmetry condition) were then used to determine the mean-flow evolution. It was
concluded from the plane-jet results as well as from a comparison with the results of
the (isolated) shear-layer code that there was no detectable interaction between the
two shear layers in the streamwise region of interest. The isolated-shear-layer
assumption is therefore completely adequate for the present computations.

The computed streamwise evolution of the undisturbed-flow momentum thickness
is compared with the experimental data (Thomas & Chu 1989, figure 3) in figure 2.
The agreement is good even in the streamwise region where nonlinear effects are
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Fioure 3. Computed linear parallel-flow spatial growth rates for the mean-flow measurement
stations in Thomas & Chu’s (1989) plane-jet shear-layer experiment.

expected to be important for the disturbance flow (roughly the second half of the
displayed streamwise region). This is because the nonlinear momentum-thickness
correction is O(e?) and therefore can be quite small. Furthermore, the agreement can
actually be considered to be quite good if one takes into account that the relative
error in the measurements is likely to be large because of the small values of the
momentum thickness in the streamwise region shown in this figure.

Figure 3 shows curves of the linear parallel-flow spatial growth rate corresponding
to the mean-flow measuring stations x, = inD, n = 1,2,...,6, in the Thomas & Chu
(1989) experiment. The calculations were based on velocity profiles from the
undisturbed mean-flow computation, and the abscissa and ordinate have been
normalized using the angular frequency of the forcing and the convective lengthscale
L, (= Uj,s/we.), respectively. These growth-rate curves are, apart from the first,
nearly self-similar in the sense that they nearly can be collapsed onto a single curve
when local scales based on the shear-layer vorticity thickness are used in the
normalization. However, the present global scaling is used to illustrate how the
quasi-parallel linear growth rate changes as the forced disturbance (w,/w..=1)
propagates downstream. Note that the non-dimensional frequency of unity is less
than the peak frequency of the local growth rate curve at the first streamwise station.
The overall magnitude of the growth rate then decreases and the peak of the local
growth-rate curve moves towards smaller values of w,/w, with increasing
downstream distance. The quasi-parallel linear growth rate of the forced disturbance
is therefore monotonieally decreasing with downstream distance. As indicated below,
the nonlinear effects first come into play at the streamwise position where w,, is just
larger than the peak frequeney of the corresponding local growth-rate curve. Note
that, at least from a theoretical point of view, the linear growth rate has become
small at this point. In fact ¢f would be about 0.26-0.32 for an disturbance amplitude
of about 7-10% of the characteristic mean-flow velocity, which is typical of the
Thomas & Chu (1989, figure 11) experiment, so that the linear growth rate in the
aforementioned region is consistent with the inherent scaling assumptions in the
present analysis, cf. (2.2) and (2.4). It is also important to note that the linear
growth-rate curves corresponding to this particular experiment are quite straight
from the maximum growth rate to the neutral point, which indicates that the linear
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F1eure 4. Comparison of composite solution accounting for both nonlinear critical-layer effects and
viscous mean-flow spreading with instability-wave energy data from Thomas & Chu’s (1989) plane-
jet shear-layer experiment.

perturbation about the local neutral point will provide a good representation of the
actual quasi-parallel linear growth rate almost all the way up to the peak value. This
suggests that the near-neutral assumption of the present theory will provide a good
approximation in the flow region of interest. These considerations, along with the
fact that asymptotic analysis is a rational way to account for the essential physics
of the problem, leads one to expect that the nonlinear non-equilibrium critical layer
theory will provide a good description of the flow even though the nonlinear effects,
in a sense, have to come in quite early.

An appropriate measure of the spatially evolving instability-wave amplitude in a
non-parallel flow is given by the energy associated with the streamwise velocity
component u, of the instability wave,

B==Lt [T@ay = |2\ a (5.3
1_2L“,U2Aa o *AYx =2 - ay Y, )

—0o0

where the overbar denotes a period average and ¥‘© is given by (4.6).

The experimental instability-wave energy was obtained from Thomas & Chu’s
(1989) figure 11, which was derived from cross-stream integrated shear-layer power
spectra normalized by the initial jet half-width = 1D (the normalization information
was inadvertently omitted from their paper). The initial energy input to the
nonlinear calculation was then determined by optimizing the fit of the linear weakly
non-parallel solution with the first few data points rather than using the experimental
value at the first (mean-flow) measuring station; it was taken to be E; = 9x 107
This procedure was used in order to minimize the influence on the overall results of
the unavoidable error in the measurements at any given station.

Figure 4 shows the excellent agreement between the composite solution and the
experimental results. (No experimental mean-flow data are available until the second
instability-wave data point — this is why the comparison starts at the corresponding
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streamwise location.) While the theory does not predict the last data point very well,
Thomas & Chu’s (1989) figure 11 shows the flow to be dominated by subharmonics
of the sum and difference frequencies of the forcing frequency (750 Hz) and the so-
called jet-column frequency of 125 Hz at that streamwise station and hence that the
assumptions of the theory are probably violated there. Note that one of the inherent
assumptions of the theory is that the disturbance flow is dominated by the forcing
frequency outside the critical layer. However, all harmonics are generated and are on
equal footing inside the critical layer since the flow is strongly nonlinear there. The
less drastic amplitude reduction predicted by the composite solution once the peak
value is passed is also reminiscent of the experimental results obtained by Freymuth
(1966), see below. Figure 4 also shows that there is an initial streamwise region where
the disturbance is well described by weakly non-parallel linear theory based on
undisturbed mean-flow profiles which, as pointed out above, is an essential part of
assuring that a first-principle comparison is being carried out. As pointed out by
Thomas & Chu (1989) and as can be seen clearly from the present figures 3 and 4, the
nonlinear instability wave saturates well upstream of the linear neutral stability
point for the undisturbed mean flow. The saturation level therefore is not related to
the ultimate maximum amplitude of §3 for the reason pointed out in that section.
The effective saturation in the composite solution is associated with the first of the
local amplitude maxima caused by oscillations in the growth rate, see I and 1I. The
predicted instability-wave evolution and saturation is in excellent agreement with
the experiment in the streamwise region where the experimental disturbance flow is
dominated by the forced frequency, i.e. within the expected range of validity of the
theory.

A comparison will also be carried out here with the only case in Freymuth’s (1966)
investigation of the initial shear-layer transition process for which the mean-flow
velocity distribution at the beginning of the linear region was documented. This case,
described in his figures 4-10 and 29 and the accompanying discussion, was a circular
jet with a nozzle diameter of 75 mm, a jet-core velocity of 8 ms™, which was
acoustically excited at 416 Hz. The value of the kinematic viscosity consistent with
the information given is 14.8 x 107 m* s™*. This leads to a convective lengthscale
L =153 mm and a frequency parameter F =2.42x1073. The mean velocity
distribution at the initial or reference station, located about ten local momentum
thicknesses downstream of the nozzle lip, was found by Freymuth (1966) to be quite
well described by a hyperbolic-tangent velocity profile, i.e. (5.1), (5.2) with Ra =1
and 4 = B = 0. Thus, the Strouhal number at the reference station was 0.300 when
using the present normalization. Drubka (1981, figure 18) also found in his circular-
jet shear-layer investigation that the mean flow was well described by a hyperbolic-
tangent profile close to the jet nozzle with the mean velocity then developing towards
a self-similar profile in the linear region.

The streamwise evolution of the mean flow was determined using the shear-layer
code with a hyperbolic-tangent velocity profile as upstream condition. Unfortu-
nately, figure 4 in Freymuth (1966) only shows the momentum-thickness
evolution for a rather limited streamwise distance and all data points except one are
clustered in the vicinity of the reference station. The computed momentum
thickness, of course, fits the data in the figure quite well for the clustered points, but
the somewhat isolated last point in that figure has a value about 11 % lower than the
computed value. Little weight should be placed on this discrepancy, however, in view
of the inherent difficulty in measuring the momentum thickness ‘due to hot-wire
rectification errors in the zero-velocity free stream’. Drubka (1981) also reported a
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F1cUre 5. Comparison of composite solution accounting for both nonlinear critical-layer effects and
viscous mean-flow spreading with instability-wave amplitude data for four excitation levels from
Freymuth’s (1966) circular-jet shear-layer experiment.

momentum-thickness evolution in his experiment that was contrary to Freymuth’s
(1966) observation but which is in line with the computed values here.

Freymuth used the transverse maximum of the r.m.s. value of the streamwise
velocity component of the instability wave as a measure of the disturbance
amplitude, i.e. ug,, = max, u’, where

S )
u —Uf\.—(ay (5.4)

and ¥ is given by (4.6). Figure 5 shows a comparison of the composite solution with
Freymuth’s (1966, figure 10) amplitude-evolution data for four different excitation
levels. The values of max, " at the reference station corresponding to the four curves
are 4x107% 1.2 x 1072, 3.6 x 1073, and 1.1 x 1072, respectively. This figure confirms
that there is an initial streamwise region where the disturbance is well described by
weakly non-parallel linear stability theory based on the undisturbed mean flow and
that, of course, this region becomes shorter with increasing initial amplitude. The
composite solution is in good agreement with the experimental data corresponding
to the lowest excitation level, except for what appears to be a local minimum in the
experimental data just past the first nonlinear saturation. This discrepancy could be
caused by an interaction with naturally occurring ‘subharmonic’ disturbances that
are not accounted for in the present theory, as in the comparison above with the
Thomas & Chu (1989) experiment, but unfortunately Freymuth (1966) does not
provide any information about such disturbances. The agreement between theory
and experiment is very good at the next higher level of initial amplitude, however.
This gives some further circumstantial evidence for the conjecture above since the
naturally occurring ‘subharmonic’ disturbances probably have not reached a
sufficient amplitude to ultimately influence the fundamental disturbance in any but
the least excited case where the saturation occurs the furthest downstream. For the
highest two excitation levels, the nonlinear effects come into play upstream of the
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F1curE 6. Comparison with vorticity-thickness and momentum-thickness data from C.-M. Ho & Y.
Zohar’s (unpublished) mixing-layer experiment: [, vorticity thickness, low-level forcing at
natural frequency; ®, vorticity thickness, unforced case; A, momentum thickness, low-level
forcing at natural frequency; +, momentum thickness, unforced case.

streamwise location (here about 9L, } where w,. corresponds to the peak in the local
linear growth-rate curve. Since the relative importance of the linear effects are then
overestimated in the nonlinear theory, the composite solution, as can be seen in
figure 5, will increasingly underestimate the deviation from the weakly non-parallel
linear theory with increasing excitation level. The composite solution yields a
qualitatively correct result for the highest two levels of excitation here, however.

The third experiment used for comparison consists of unpublished data kindly
supplied by C.-M. Ho & Y.Zohar (1989) of the Department of Aerospace
Engineering, University of Southern California, for a mixing layer behind a splitter
plate. A relatively low-level forcing at the so-called natural shear-layer frequency
(here 355 Hz) was used to excite the shear layer, but data were also supplied for the
corresponding unforced case. The average velocity and the velocity ratio of the two
streams were 7.5 m s™' and Ra = 0.652, respectively. The shear-layer facility is the
same as used in Huang & Ho (1990) and further information about the wind tunnel
can be found in that paper. The convective lengthscale is L, = 3.33 mm and, with
v=15x10"*m?s™?, the frequency parameter becomes F = 6.03x 10™* for this
experiment. In order to avoid trailing-edge effects, the streamwise reference station
was here taken to be the second streamwise measuring station, located 6.9 mm
downstream of the trailing edge of the splitter plate (the corresponding distance for
the first station is 0.5 mm), and the local Strouhal number was estimated to be 0.350.
The velocity profile, which still has a sizable wake defect at this station, was fitted
with (5.1), (5.2) and the downstream evolution of the mean flow was determined
using the shear-layer code. The initial instability-wave energy was taken to be
E,, = 1.6 x1077 for the nonlinear stability computation.

Figure 6 shows the shear-layer vorticity thickness, including the additional
thickening produced by the nonlinear instability wave, the momentum thickness,
and the corresponding experimental data as functions of the streamwise distance,
and figure 7 shows a comparison of the experimental data for the streamwise
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Fieure 7. Comparison of composite solution accounting for both nonlinear critical-layer effects and
viscous mean-flow spreading with instability-wave energy data from Ho & Zohar’s mixing-layer
experiment: [M, low-level forcing at natural frequency: @, unforced case.

evolution of the instability-wave energy and the composite solution, cf. (5.3). These
figures show that there is an initial streamwise region where the mean flow and the
instability wave are well described by the undisturbed mean-flow computation and
weakly non-parallel linear stability theory based on that computation, respectively.
The agreement between the composite instability-wave energy and the experimental
data is good in this case also. The initial additional thickening is well described by
the composite vorticity, but the later oscillation in the composite solution is not
reflected in the experimental data. The main effects of the wake component on the
local linear stability properties are an increase in the maximum value of the growth
rate and a reduction in the unstable frequency range. However, the lower value of
the frequency parameter compared to the experiments discussed above means, as can
be seen in figure 6, that the undisturbed shear layer spreads less over the streamwise
region of interest in this case. Consequently, the local Strouhal number of the
instability wave, initially being just slightly less than that corresponding to the
maximum growth rate, remains close to the peak value at all streamwise stations.
This, as noted above, leads to an overestimation of the relative importance of linear
effects in the nonlinear theory and, hence, is the most likely cause for the small
overshoot in the composite instability-wave energy and probably also for the
oscillation in the composite vorticity thickness.

The present investigation has shown that the nonlinear instability wave behaviour
is determined mainly in a small transverse region located at the position where the
mean-flow vorticity is at maximum and that the vorticity thickness is a sensitive
measure of the nonlinear disturbance effects on the mean flow. One can but hope that
this (local) measure of the shear layer thickness, rather than the more traditional and
global measure, the momentum thickness, will be documented in future experimental
investigations. The vorticity thickness is, arguably, the more fundamental of the two
since the momentum thickness has no precise physical interpretation for the doubly
unbounded flows considered herein. (As can be seen in figure 7, the momentum
thickness can also take on a negative value for shear-layer flows with a sufficient
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wake component.) The vorticity thickness is also the appropriate measure to be used
in order to collapse linear stability calculations for different shear-layer profiles
(Monkewitz & Huerre 1982).

The author wishes to thank Drs C.-M. Ho and Y. Zohar for providing the mixing-
layer data.

Appendix A. The main part of the shear layer

The first term, ¢, in the main-shear-layer expansion (2.5) is related to the zeroth-
order term in the (local) basic-flow Taylor series expansion and, hence, is determined
by the upstream history of the basic flow. For small values of y, ¥, can be expressed
as

Yo =U.y+3iUcy®+3U v +0(y°), (A1)

where the subscript ¢ denotes the value at the inflexion point of the basic flow. The
other terms in (2.5) can be determined by an analysis valid on the streamwise scale
x,, however, and the next few i, ,(n> 1) are governed by

Ly =0, (A2)

Loty = — Ly + A", (A 3)
Vi, ¥)

Loy =—L o — M, ——2 11 A4

0¢2 11'0 a(g y) ’ ( )

Loy =LY, — 1 AL

Ty
where &L, =[({U=U)V:=U"] aag (A 6)
- (-Rirva -t rly e
I,= [(3U— Uc)a‘i‘l’zi_:aa_g] aagza]ﬁxll’ (A 8)
n-le-nof -l a2 @y

and V? denotes the Laplacian with respect to { and y.
As in I1, substitution of (2.7) into (A 2) leads to (2.9) for ¢1 and the {-independent
part of the O(ef) problem (A 3) gives that

'y 4
Qly) = (—f %dy+c‘°’) =" U +¢” U y+ UU ¥+ 0@?), (A 10)
0

with the constant ¢{”, which simply corresponds to a transverse shift of the
streamlines, determined by the global mean-flow variation. Substitution of the
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n = 3 term of (2.8) into (A 3) produces (2.10) for <D""’ m 2 1, and the {-independent
part of the O(¢?) and O(e}) problems (A 4) and (A 5) gives that

(p(o) - a«n U/U, = a§°’[1+g y+O0(y )] (A 11)

'y "

¢a°>=%|A*|2U{ [ [ wwgpe-adalrrav [ Tay
+

J Y e UIU, = 1|A*|2{g,2(1+U )ln ‘

U”?l;% Ug!
+U°J;[U(U-Uc)2 U UZsinhy| Y

+ %2 U"J“ %dy+a§°’i+0(y), (A12)
T oo

Do (2

where PE  denotes the O(¢?) mean-flow pressure at the edges of the shear layer, i.e.
as y >+ co. It also follows from the first two members of (A 12) that the O(¢?) jump
in the streamwise mean velocity across the critical layer is given by

. 1
AU, = 5@ —a) A T ULy = X Uy (- (Pho—Po), (A 13)
c [
'+ a0 U”(}gf '+ o0 GIII
= —t Jy = Al4
where Jy fﬁw U(U—Uc)2dy’ A U2 ( , 15)

Equation (A 11) implies that there are non- vanlshlng O(€?) transverse mean-flow
velocity components at the edges of the shear layer i.e. a8 y >+ 00. This necessitates
an outer potential flow on the x, and y, = ely scales. The requirement that the
tangential velocity of these potential flows (one on each side of the shear layer) match
the O(e?) streamwise mean flow velocities obtainable from (A 2) in the limit of
y— =+ oo yields the following pressure-displacement conditions:

+2 +ooa§°)’ i
;U;-ojf % @ gy (A 16)

where U% denotes the limit of U as y >+ oo. However, as shown in Appendix B,
P = P;w, and it then follows from (A 16) that, as in I,
o = P}, =Py, = 0. (A 17)
Finally, a small-y analysis of the O(¢?) problem (A 4) for m > 0 shows that

Um d : : t (m)
¢(m) = 8m1 a? U/3 ch—l‘sl A'ln |y|+¢12
1

+00
+Re( ¥ ogm e*mvf)yln W+0(), (A 18)

where m
i d o d a4’
m — __ ! 2 m) _ 9 a
CY mag U, (Uc dz, 1mSl) [( U, +2ima, dxl) ab g6,y dxl]
AT? .
—8ma o (26, U +1UY). (A 19)

mERUE
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Appendix B. The critical-layer expansion

The first few terms in the critical-layer expansion (2.18), ¥, to ¥,,, simply
correspond to terms in the inner limit of the outer solution and are given by
VY, =1U.Y?+ 22z, U, c{" + Re (A" e!%?), (B1)
+®
¥, =2z, P U Y + Re( ) aé’"’ ei""‘oc), (B2)
m=0
UIII

Y=

|A*|2+R[U (U d 18)( d iJS'1+ia0U;Y)A*e“"°5]; (B 3)

8U2 2pz\ " Cdey, ¢ da,

¥, is the first non-trivial term in the critical-layer expansion (2.18) and is determined
by the viscous critical-layer vorticity equations (2.19) and (2.20).
Of the next two terms in (2.18),

_ Ul”
~8U, U,

+w
¥, |A*|2Y+1Re( > o elmaoc) Y, (B 4)

m=1

where C{™ is given by (A 19), again simply corresponds to a term in the inner
expansion of the outer solution, but ¥; is non-trivial and is determined by

02,

L.Q=—U Y1, (B 5)
2 a l

. L(OY UruU.
Qg—)%UévYa'f‘2/\l'l[C(lo) Uc +§(I]cc —%)]Y

(4 ({4 + a0
+[U1° +b, ( U )]Re [4t l""’g]-f-[[JJc Re[ 2 af™ elmet

2U’ U/ c m=1
i d Uy
_ —_ ¥ el Y>+ B
+a0U;(Ucdxl i )(2U’”+b )A e ] as Y->+oo, (B 6)
where %, is the viscous critical-layer operator in (2.19) and
' d4t t® ;
Q= aY;-&-Re [21a0d—e‘ 05—7"2-1 ai™ mafe m%g]. (B7)

Integration of (B 5) with respect to Y from —M to M, followed by integration with
respect to { from 0 to 2n/a,, using the boundary conditions (B 6) while letting
M —+ oo, and finally integrating with respect to x,, produces the following result for
the O(€®) jump in the streamwise mean velocity :

U, Mo~
AU, = —-F lim YQ,dy, (B 8)
cMa>+0J-M
where the overbar denotes the period average. Substitution of (2.20) into (B 8),
integration by parts, and using the boundary conditions for ¥, leads to
AU, = 7 (@0 ~a®) YA Uy Jy — A2 U J, (B9)
Combination of (A 13) and (B 9) shows that
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i.e. that there is no mean pressure jump across the critical layer at O(e?).
Multiplication of (2.19) by Y, followed by integration with respect to ¥ from —M
to M, integration with respect to { from 0 to 2n/a,, using the boundary conditions
for ¥, while letting M -+ o0, integrating with respect to z,, and then combining the
result with (B 8), produces the additional result for the O(¢?) jump in the streamwise
mean velocity
ad U,
AU, = 2°UC|A*| —1U. ). (B 11)

Equations (B 10) and (B 11) can now be used to determine a®* —a®~.

Appendix C. The generic problem and large-Az behaviour

The non-equilibrium nonlinear critical-layer problem, i.e. (2.39)—(2.42), can be
converted into the sealed critical-layer problem for the hyperbolic-tangent mean-
flow problem studied in II, by introducing the new variables and parameters (the
prime does not denote differentiation in this Appendix — it is simply used to denote
new quantities)

a‘:d— LR
f’:f_ —§+fg=—% . %dxl+fg, (C1)
X’=X+f Padz+X,—X, = agt— J"” Lda, + X, (C2)
, a, U, Y-S
7= XM= X e T Xk, (C3)
2 1

A’ = y*dexp [—i(X;—XO)—if ’%df]

% Ue A*exp[ X+ J’”’Sld ] (C 4)
2 o X

T (—108,p
’ (aO U, )2 UX
= 3 =——— t
Q X Q Um( IUS Q (C 5)
S e ’ 7 . n
o =0'r+10'i=x0'—1,u=m, (C 6)
=0/x, X=X, (C7),(C8)
where 7, and X are determined through
% o aE U |A*|X4]
o, d¥’ = | o0,dT+In 4=ln[M_°— , Cc9
Jo Jo X (_%USI)2 ( )
X;=—J00'{df’+XO+JOO'idTO:argA;—fno;df’, (C 10)
0 0 0

and with ¢ replacing « in the notation of II. Thus, the non-equilibrium nonlinear
critical-layer problem studied in II, which is of the form (2.39)-(2.42) but with
u = 0, applies to an arbitrary mean-flow profile provided that the meaning of U and
A in II are suitably generalized.
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The results of II showed that, no matter what the size of the viscous parameter X’,
the amplitude A’ eventually exhibits algebraic growth as A’Z’ becomes large and an
asymptotic solution to the non-equilibrium nonlinear critical-layer problem was
constructed in that limit. This asymptotic solution is, of course, also valid in the
general case analysed here and it is of the form

a=a,F[1+a,F+a, 5 +... +a#1+...], (C 11)

iixg,:0;0[1+0lf-%+0292—%+...+0eyz"+...], (C12)

where & = A'Z,a = |4’|, the phase @ is defined by
A" =ae® (C13)

and a_,a,,a,,...and 8.,,0,,0,...are constants that are fully determined by the
asymptotic solution without invoking any upstream matching conditions. The first
few constants are given in I1. Note that the asymptotic analysis only determines the
phase variation (or wavenumber correction) d®@/dZ’ and not the phase @ itself. This
means that there is one arbitrary parameter, i.e. a constant phase factor, say 6,,
that, in principle, can be determined by upstream matching with the numerical
solution. (The asymptotic solution must be carried out to include the sixth-order
terms in order to accomplish this, however.)

Appendix D. The weakly non-parallel linear stability calculation

To perform the linear and weakly non-parallel stability calculations, it turns out
to be advantageous temporarily to abandon the non-dimensionalization used in the
main portions of this paper. Here, the convective lengthscale L, = U,./wer, 1/wen,
and U,. will be used as length, time, and velocity scales, respectively. Since the mean
flow is inflexionally unstable, it follows that the frequency parameter

F=(1)enV/U§t<1 (Dl)

can be interpreted as an inverse Reynolds number, characteristic of the streamwise
region in the vicinity of the linear neutral point.
A stream function for the mean flow can now be introduced in the form

¥ = (201 f(E, ), (D 2)

E=F(z+z,), 1=[y—y.(5)126)7F; (D 3),(D4)

z, is the distance to the virtual origin of the shear layer, and y,(§) is the
indeterminate location of the inflexion point. It follows that f (in the absence of any
mean-flow pressure gradient) is governed by

where, now,

f'm +‘[f’l’l = 2£(f’lf§’l _fffm/)’ (D 5)
subject to the boundary conditions
f,>1tRa as g—>*w, f,(£0)=0, (D6), (D7)

where Ra = (U,—U,)/(U,+U,) is the velocity ratio of the shear layer. The
introduction of the boundary condition (D 7) is allowed in view of (D 4). The &-
dependence of f is necessary because, in general, remnants of the upstream conditions
are still present and a self-similar velocity profile has not yet been achieved in the
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early, i.e. linear, part of the measurement region. This is particularly so in splitter-
type experiments where a substantial wake component is usually present.
The perturbation stream function is now taken to be of the form

¥ = Re {95(5,77) exp (i [% EK@) dg—t])}, (D8)

where £, is a reference location, say the excitation point, and 1,& expands as
§ = AE) $(E 1)+ Fif, +O0(F?). (D 9)

Substitution of ¥+ (¢ < ¥) into the Navier Stokes equations followed by
linearization with respect to the perturbation stream function and then expansion in
terms of the small parameter F leads to a sequence of perturbation problems. The
zeroth-order problem is simply the Rayleigh stability problem, i.e.

Lad = ik(U—c)(D*—k1)~U,,]1¢ =0, (D 10)

subject to the boundary condition ¢ > 0 as || >+ 00, where U = f, is the streamwise
mean-flow velocity, ¢ = 1/, k = (2§) )k, and D now denotes differentiation with
respect to 9. The Strouhal number (of §2) based on the average velomty and the local
vorticity thickness is simply S = Bv/2 where 0, = [2Ra/max (f,)](2£) t is the local
(non-dimensional) vorticity thickness of the shear layer, and the streamwise
wavenumber based on the local vortcity thickness is & = Sk.

The solution of (D 10) subject to its boundary conditions determines the complex
eigenvalue x. The associated eigenfunction ¢(£,7) depends parametrically on §
through the coefficients in (D 10) and the factor A(£) in (D 9) is an amplitude function
which is determined by a secularity condition for the next-order (i.e. O(¥')) problem.
That problem reads

Loty = —2ERad) 4 +b(d) 4], (D 11)

where a = (2kc— 3k, —f,.) ¢ +f, D', (D 12)

b=(2kzc—3k2f”—fq,m)(%g—%w)ﬁ,,(a]a)f 2 -3 0%)

ok k
3f (ag 2§)¢ gfvv_'_”fvw 2§f7m£ ¢

+(f=1f,+ 26/ (D= ) DG+ 2857, — ) 2 DY — 5 (D~ k4. (D 13
The boundary conditions for (D 11) are that l/;‘l—>0 as |g| >+ co0. The factor a is
identical to and, excluding the last two terms, b reduces for self-similar mean flows
(i.e. f; = 0) to the corresponding results in Gaster’s (1974) investigation on the effects
of boundary-layer growth of flow stability. The second-to-last term in b arises
because of (D 4), i.e. the indeterminate location of the inflexion point, and the last
term is the viscous term. In studies dealing with flows, such as a Blasius boundary
layer, where the instability is caused by viscous effects, that last term, of course,
cannot be treated as a higher-order term — it must be included heuristically in the
zeroth-order equation, thus, leading to the Orr-Sommerfeld rather than the
Rayleigh stability problem. However, the viscous term is a correction term of the
same order of magnitude as the non-parallel mean-flow effects for inviscidly unstable
flows (Lanchon & Eckhaus 1964). For brief discussions of weakly non-parallel
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theories, the reader is referred to Drazin & Reid (1982, p. 479) for the case of (wall)
boundary-layer flows and to the survey paper by Ho & Huerre (1984) for the
particular application to unbounded shear flow. The viscous term was ignored in the
shear-layer investigations described in the latter reference.
The solvability condition, or Fredholm alternative, for (D 11) gives
’ + o0 '+ 0
4’ =ik, =— —¢b(¢)d77/ _q;;t(gbc) dy, (D 14)

A ! o U—c

—ao

where «, can be interpreted as a local O(F) wavenumber correction. As can easily be
seen by inspection, the second-to-last term in b (cf. (D 13)) does not contribute in
(D 14). Thus, as can be expected, a transverse shift in the mean streamwise velocity
profile does not affect the linear stability problem neither to leading order nor in the
correction for weak mean-flow divergence. (The boundary condition (D 7) can then
be exchanged with a more expedient condition from a computational point of view
— the one actually used in this investigation was to prescribe f as # > c0.)

The derivatives with respect to £ of k and the eigenfunction ¢ that are needed in
the evaluation of b can be obtained either by the numerical differentiation of the
results obtained for different £ or by the procedure first suggested by Saric & Nayfeh
(1975). In this latter procedure (D 10) is differentiated with respect to § to yield

0 [ 8k , 2
%3 =it 0 -1, (D 15)
subject to ¢/ -0 as [y] >+ 0o, where
g = 2k(f,—0)§—7 (D'~ k)¢, (D 16)
h= (fqg—é%) (D> — %) G — f e 6 (D 17)

The solvability condition for (D 15) gives
+0 LB (A
%_ [“dhd,,

& )., U—c

and (D 15) can then be solved for 8& /0&. Both techniques were actually used here as
an internal check of the accuracy of the calculations.

The undisturbed mean-flow problem was integrated numerically by using central-
difference approximations for the 5-derivatives, an implicit second-order scheme to
march the solution forward in &, and Newton iteration to solve the resulting
nonlinear difference equations for each successive streamwise step. As the mean-flow
solution was marched forward, the local linear eigenvalue and eigenfunction were
determined using a shooting technique incorporating a forth-order Adams implicit
method to integrate the local linear stability equation, and the weakly non-parallel
eigenvalue correction was then calculated.

*° d9(9)
U——Cdﬂ’ (D 18)

—0
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